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Nonlinear interactions of gravity—capillary waves:
Lagrangian theory and effects on the spectrum
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A weakly nonlinear inviscid theory describing the interactions within a continuous
spectrum of gravity—capillary waves is developed. The theory is based on the
principle of least action and uses a Lagrangian in wavenumber-time space. Advan-
tages of this approach compared to the method of Valenzuela & Laing (1972) are much
simplified mathematics and final equations and validity on a longer timescale. It is
shown that much of the development of the spectrum under the influence of nonlinear
terms can be understood without actually having to integrate the equations. To this
end multiwave space, a new concept comparable with phase space, is introduced.
Using multiwave space the magnitude of the nonlinear transfer is estimated and it
is shown how the energy goes through the spectrum. Also it is predicted that at fixed
wavenumbers, the smallest being 520 m™, finite peaks will arise in the spectrum. This
is confirmed by numerical integrations. From the integrations it is also deduced that
nonlinear interactions are at least as important to the development of the spectrum
as wind growth. Finally it is shown numerically that the near-Gaussian statistics of
the sea surface are unaffected by nonlinear interactions.

1. Introduction

Remote sensing of our seas, which has really taken flight over the last decade, gives
a lot of information which the scientific world still has difficulty in interpreting
correctly. One example of this is the images of bottom topography of shallow waters
taken by microwave radar. An essential link in the imaging process is formed by
gravity—capillary waves on the ocean surface. One of the problems in explaining
bottom-topography images is that knowledge about the behaviour of these wavelets
is incomplete, while part of what is known is still too intricate to be handled in a
compound model (Phillips 1984).

This paper deals with gravity—capillary waves. I shall first give a brief review of
the present level of our knowledge of them. This is done most easily in the context
of the energy-balance equation (Willebrand 1975):
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Here A(k,x,t) denotes the action density, defined by 4 = E/w, E being the local
energy density and w the intrinsic frequency. Also, £2 is the apparent frequency, U
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the surface current and 8 stands for source or sink, respectively acting due to wind,
viscosity, nonlinear interactions and breaking events. Actually all sources
are coupled, but as an approximation they are dealt with separately (Komen,
Hasselmann & Hasselmann 1984).

The damping due to viscosity is well known: 8, = —4vk?A4 (Phillips 1977, p. 52).
The equations governing the energy input by wind are also familiar (Miles 1962;
Valenzuela 1976), but it is only recently that a quick and accurate way to solve them
has been found (van Gastel, Janssen & Komen 1985). We know very little of the
causes and frequency of breaking of the waves (Phillips 1984) although Banner &
Phillips (1974) have made some theoretical predictions. The nonlinear interactions in
a spectrum of gravity—capillary waves have been calculated by Valenzuela & Laing
(1972). A drawback of their method, which is based on Hasselmann’s (1962)
perturbation analysis, is that the resulting expressions for the interaction coefficients
are complicated and cannot be understood physically; also the numerical computa-
tions necessary for quantitative results are delicate and lengthy. This is probably one
of the reasons why the nonlinear interactions have never yet been included when
solving the energy balance. As Longuet-Higgins (1976) puts it: ‘there is obviously
a need for a much simpler approach, more amenable to physical interpretation’.

The aim of this paper is to increase our knowledge of the nonlinear interactions
in a continuous spectrum of gravity—capillary waves to such a level that an accurate
description of these interactions can be used when solving the energy balance (1) for
this part of the spectrum. This work can be divided into three steps: (i) mathematical
derivation of the interaction equations; (ii) construction of a physical image of how
the wavenumbers are related to each other by the resonance conditions; and (iii)
study of the symmetries present within a triad. Point (ii) helps to make interpreta-
tions of numerical integrations possible and greatly increases their efficiency.

Analytical expressions for the nonlinear interactions in a continuous spectrum of
gravity—capillary waves are obtained as the Euler-Lagrange equations for the
Lagrangian in wavenumber-time space. An expansion is made in powers of the wave
steepness. This method can be seen as a generalization to the continuous case of the
method of Simmons (1969) or of that described by Whitham (1967) for resonant
interactions. The advantages of using a Lagrangian or Hamiltonian formalism in this
case are simpler mathematics, simpler final expressions and validity on a longer
timescale. These advantages have been pointed out frequently in recent years (Miles
& Salmon 1985; Henyey 1983).

To achieve point (ii) I introduce a new concept: the multiplet-wavevector space,
multiwave space for short (a multiplet is a set of waves that together fulfill the
resonance conditions). This concept can be compared with phase space in classical
mechanics. Phase space tells us at a glance how physical space is interconnected by
trajectories. Similarly, in multiwave space we see the interconnections in wavevector
space due to the nonlinear interactions. The multiwave space is constructed explicitly
for triad resonances between parallel gravity—capillary waves. In this case it is
two-dimensional.

Point (iii), the use of symmetries, is straightforward. It is comparable with the way
Hasselmann & Hasselmann (1981) use symmetries for four-wave interactions.

One of the gains of using multiwave space and symmetries is that resonance
conditions and interaction coefficients need be solved only for part of the wavevector
space, in the present case only for k& < (g/2T)i. Another gain is that it allows for a
natural construction of a grid for numerical calculations, implying high accuracy.
This grid follows the paths of the energy through the spectrum.
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An energy balance containing nonlinear interactions is actually integrated. As
initial states the spectra measured by Liu & Lin (1982) are used. A surprising
phenomenon is encountered : the existence of preferred wavelengths, i.e. peaks in the
energy spectrum. I explain the occurrence of these peaks using multiwave space.

As a sideline the issue of near Gaussianity of the sea surface is considered. The
Gaussian approximation is essential to the weakly nonlinear theory underlying
multiplet interactions. Davidson (1972) showed analytically for all processes domi-
nated by three- or four-wave interactions that, if the initial sea surface is near
Gaussian, the third cumulant, commonly related to phase-locking, goes to a constant.
I show numerically that, for the cases considered, this constant is small.

2. The interaction equations

The equations for the surface elevation { are derived using the principle of least
action. Nonlinear effects are included up to first order. The surface elevation is
supposed to consist of a continuum of free gravity—capillary waves. Viscosity is
neglected.

The action J can be written as

J=”dedt. (2)

For water waves the Lagrangian L is a function of the elevation { and the potential
¢. For infinitely deep water it is given by (Simmons 1969; Luke 1967)

4
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L=%9?+T[(1+V§-V§)%—1]+I (V4 Vp+ @) dz. (3)

Here g is the acceleration due to gravity and T the surface tension divided by the
density. The derivatives are defined as follows:

;0 _ 0 ?2 %
¢_§¢’ V¢—<5:;, oy’ az)’

&, (98 ag>
ve= (6:&:’ dqy/)
The Lagrangian as presented in (3) is a function of horizontal space and time.

To be able to perform the integration in the Lagrangian I apply a Fourier transform
and substitute the dependence on the vertical for each mode:

4)

x,t) = g [ €.ty etk xak,

—_ i —ik-x+kz
d(x,2,t) = o Igﬁ(k, t)e dk,
k= |k|.

A new Lagrangian [ depending on wavenumber and time is defined by

J=jjzdkm. | (6)
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It can be given explicitly by assuming the waves to be of small, though finite
amplitude, or, equivalently

Vk,t: Ck,t) =el'(k,t), Jik,t)=ed'(k,t), & =0(1), (7)

where ¢ is a small parameter proportional to the wave steepness. This assumption
will be checked in §5. The primes will be dropped in the following. ¢ being small
enables the Lagrangian L to be expanded in powers of e. Using the identity

J e~1k'x dx = 4n2 (k) (8)

this expansion becomes (here and in the following the dependence on ¢ of all functions
is not stated explicitly when no confusion can arise)

Lik,t) = e[3(g+k*T) &k) &(— k) + Hed (k) §(— k) + (k) &(— k)]
e [ [ 1=t + 00 g1k gk k)
+ k() 8k’ k")) Sk + k' + k") Ak’ dk” + O(ed).  (9)

The principle of least action states that physical realizations of the system are given
by 8J = 0. This condition can be transformed into a condition on the Lagrangian,
as in the familiar Euler-Lagrange equations. To illustrate the method I use a
simplified Lagrangian ; for the actual Lagrangian given by (9) the procedure is
analogous. Let L be a function of ¢(k) and ¢(—k). Then

87 = [ Zig (k) + 6ulh), (k) + u(~ M Ak — [ L), g~ ) .

Here € is a small parameter and u is a smooth function of k disappearing at the
integration boundaries. Continuing:

87 = [ (s Bt 1o ) )+ (55 L) $(— ) i~ | a

o 0
=¢ J [—6¢(k) (Lig k), p(—K) + L($(— k), ¢(k)))] u(k) dk.
Thus

.
8 = OQW[Z@(’C), $(—k)+ L(g(—k), p(k))] = 0.

Applying this procedure to the present Lagrangian L yields two equations as there
are two independent functions g) and .
Using the substitution kK -—k these equations can be written as

: 1
Pk) =—(g+FT){—eo f f (—k& +EE) (k') (k)
+k"$(k")Ek')]d(k—Kk'— k") dk’ dk”,
. 1 N
bk = kg +e o | [ 00k + 1) gk k)
— k8K ) UK 8k — K’ — k") dk’ dK”.
The zeroth-order or linear solutions are two independent functions oscillating with

frequencies w(k) = (gk+ k3T, (11)

(10)
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These functions are the normal modes of the system. By eliminating qf from (10) and
transforming to these normal modes according to
Qk,t) = @, () 4Bt 4o _(1) e, \ "
8k, t) = iw(k) o, (£) €9®t —iw(k)a_(t) e~ 1kt |

equations for the amplitudes of the modes are derived which are uncoupled at lowest
order:

—ike K+ kK,
at %= e J J {,, . [ Yoot or)

_kE"+kE ;o —KE+E k"

(W, +w,.)+ w,+2(0)?+2(0" )+ 2w, v, ]

kk” 'k
x al, a,';.e““"r‘“‘;’_“’;'”} S(k—k'—k”)dk’ dk” + O(e?). (13)
The following abbreviations are used:
w = wk),
{ w, =1 {a+(k, t), o=1 (14)
Wy = , Oy = .
v —w, o=-—1 v a_(k,t), o=—1

In the summation ¢’ and ¢” take on the values —1 and +1, o can be both +1
and —1.

Equation (13) governs the nonlinear interactions of water waves. One piece of
information has not been used so far and should be added : the elevation and potential
are real functions. This leads to a relation between a, and a«_. There are two
conventions for stating this relation (Hasselmann 1962; Davidson 1972). I will have
use for both of them here; the first convention is

and the other Vk: o, (k)=aX(—k) o;=0, w_,=-0, (15)

Ve: o=—1,1; a,k)=aX—k), w, k)= —w,,(—k),‘l

16
k,>0: o,=0, w_,=—o0. J 1o

The interactions described by (13) are cyclic in time except when the exponent
vanishes, or, more explicitly, when

k—k'—k"=0, w,—w,—w,.=0. (17)

Waves fulfilling these conditions are called resonant waves. After a finite time the
energy exchange between these waves will be far larger than between non-resonant
waves. Note that resonant triads indeed exist for gravity—capillary waves (Simmons
1969) in contrast to the case of purely gravity waves (Hasselmann 1962; Zakharov
1968).

An equation similar to (13) has also been derived by Zakharov (1968) using not
the Lagrangian but the Hamiltonian. Using, like Zakharov, the first version of the
reality conditions I have checked that for resonant waves the equations are equal.
For non-resonant waves the expressions are not equal. This is because only the
resonant interactions are a true physical measurable phenomenon, therefore only
these are independent of the representation (Henyey & Pomphrey 1982). Mathe-
matically speaking there is uniform convergence for the resonant interactions but not
for the non-resonant ones.
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Simmons (1969) has derived a nonlinear interaction equation for the case of the
surface elevation consisting of just three resonant waves. This can be considered as
a special case of the present analysis; in this case the amplitudes of the modes are
given by .

a,(k)y=n % a,dk—k,),
=0

2 (18)
a_(k)=n X a¥dk+k,),

r=0

where the wavevectors k, satisfy the resonance conditions (17). I have checked that
inserting (18) in (13) indeed regenerates the results of Simmons. The interaction
coefficient in square brackets in (13) becomes equal for all of the three amplitudes.
This identity will be used in §4.

Equation (13) describes the nonlinear interactions between gravity—capillary .
waves. However, as over a long time interval the non-resonant interactions do not
contribute significantly to the exchange of energy between different waves (Longuet-
Higgins & Smith 1966; McGoldrick et al. 1966), an evolution equation without these
interactions is desirable. Such an equation can be derived both for the deterministic
and for the stochastic case. The deterministic equation would be relevant for
mechanically generated waves (Plant 1980) and the stochastic equation for wind
waves. | only treat the stochastic case.

Here it is again important to note that the strength of the resonant interactions
is a physical quantity independent of the representation. Therefore a renormalization
of the system, consisting of transforming away the quadratic non-resonant modes
(Meiss & Watson 1978; Guckenheimer & Holmes 1983, §3.3), will not affect the
strength of this interaction (it will change the appearance of the interaction coefficient
of course, just as any matrix looks different on a different base).

I assume that a nearly Gaussian distribution holds for the surface elevation
(Hasselmann 1962). The following relations then hold for the cumulants or wave
correlations ,(7; a is now the unscaled amplitude, cf. (5) and (7); also I use (16), the
second version of the reality conditions:

{a,, (k) a,,(ks)> = G, (k,) Ok, +k,) 0

009! \
a, (k) o, (ko) o, (K3))> = 3G’,,l(,z(,a(kl,kz)ﬁ(k +k,+k;),
g, (Ky) oty (Ko) 2, (K3) 2y (Ky)) = G, (K1) G, ( k) 8(k,+ ky) (ke + K,) 6 7102 000
+G, (k,)G,,(k,) 8k, +ky)d(ky+k,) 6,

0103 0204

+G,,(k,) G, (ky) 8(k, +Kk,) 8(ky +k3) 6,

0104 172173

+,0 K, ky k) 8k, + Ky + Ky + k).

010303 04(

(19)

Here it is assumed, according to the near-Gaussian assumption, that each cumulant
is small compared with the foregoing one. This assumption is crucial to the validity
of weakly nonlinear theories; it will be checked in §6.

For the situation described by (19), Davidson (1972, chapter 13) gives a treatment
of equations of the type (13). The use of two timescales and an ordering of the
cumulants acording to G ~ ¢, ,,G ~ ¢! are essential. Also, Davidson uses (16), the
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second of the reality conditions. The result is a kinetic equation that describes the
change in G, due to nonlinear interactions:

a k 4 ”
— - —_— 4 ” _k'_ ” _ _
&b {wnw,.[ .[ Sk, k', k) otk k") dw, —w, — )

k’

x[ﬁa;ag;——,aga -ﬁ”-a,a;]dk'dk”}(uow)). (20)

The interaction coefficient J is equal to that in square brackets of (13). For resonant

triads, the only ones contributing to the right-hand side of (20), J can be simplified

to 2 1\
Jko Kk, k)= X kpkpi k(k )Pk, k

p=0 p “p+1

BAL PP, (21)

The index p+ 1 should be interpreted modulo 3, and & can have either sign. Equation
(20) as written above is only valid under the second convention for stating the reality
condition ; thus w, (k) = —w,(—k). Only under this convention does the summation
over ¢’ and ¢” drop out of (20) and is the interaction coefficient J independent of
o, o’ and ¢o”. Physically the dropping out of the summation means that only waves
travelling in the same direction can interact. This is caused by the frequency being
a monotonously increasing function of wavenumber. The omission of higher-order
corrections in the two-timescale expansion reduces the timescale on which (20) is valid
to a scale of 1/e. This is an order of magnitude larger than the timescale on which
Valenzuela & Laing’s results can formally be proved to be valid. Using a simple
Poincaré-type expansion they obtain validity on a scale of 1.

The interaction equation (20) can be understood as follows. In the long run the
change of the spectral density G/, at certain wavenumber k is due only to interactions
with those waves that satisfy the resonance conditions (17) in both frequency and
wavenumber. Note that the Dirac delta functions in k and w are equivalent to the

" set of equations (17). The interactions within the different resonant triads can be
regarded as independent; thus the total change is the sum of the changes due to the
various triads.

For each triad the strength of the interaction is proportional to the square of J.
This J also appears as the interaction coefficient for the same resonant triad but in
the discrete deterministic case as treated by Simmons (1969). One might say that the
continuous stochastic result for the interactions follows from the discrete determin-
istic one by summing over all resonant triads and by squaring the interaction
coefficient. However, in the discrete case the interaction is proportional to the product
of the amplitudes of the two waves complemental to k within the triad while in the
continuous case a combination of all three correlation functions appears.

To be able to check the assumption of near Gaussianity I also need an expression
for the time development of the third cumulant. Note that near Gaussianity is defined
by each cumulant being small compared with the foregoing one. Again following
Davidson’s (1972) work closely, this expression reads

elt(Towy—0 0 —0oy0y) 1

—i
(ko —ky—K3) 3Gy 5, 0, (Ko, K1, 1) = 4n J(k°’k1’k2)i(o' Wy— 0,0, — T, ,)
[ iad 1] 171 2772

k k
e ) ol = () o )

1oy

k
- Gao(ko)G,,l(kl)]B(ko—kl—k2)+3Gn,l,2(k0,kl,O). (22)

20,
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Equation (22) shows immediately that for non-resonant waves k, k, the third

cumulant oscillates rapidly. Therefore it is only at resonant triads that the third

cumulant is of interest. Comparing (20) and (22) shows that at resonant triads the

integrand of (20) is proportional to the third cumulant minus its initial value. This

is in accordance with the fact that no nonlinear transfer occurs in a Gaussian sea.
Davidson (1972) has shown in general by entropy arguments that under influence

of triad interactions G, (k) goes to a function for which the nonlinear transfer is zero:

kO kl k2

= <+ s
(1)0”0 Gao(ko) wla, Gal (kl) w20‘2 Gcr, (kz)

for all waves fulfilling

(23)

Wy, =0, +w,, k,=k +k, (24)

Using the relation between the third cumulant and the transfer this implies that the
third cumulant goes to a constant. In §6 it will be checked that this result still holds
for an energy balance that contains linear as well as nonlinear terms.

A few more remarks concerning the interaction are relevant. First, the spectral
densities G, are closely related to the energy E:

Etot = J'J'+°° E(k) dk,
- (25)
E(k) = £ 16, (k) +6_(h).

Kinetic equations like (20), based on equations of the type (13), occur in many fields
of physics, for instance plasma physics (Davidson 1972). The expression for the
interaction coefficient is specific to the problem at hand. It can be easily proved that
equations of the type (20) guarantee conservation of energy and momentum
(Davidson 1972, p. 254). Also, as

k
lim ——J(k, k', —k’) =0,
o () ’
the mean surface elevation remains zero for all times (Davidson 1972, p. 247). The
scaling of the interactions follows directly from (20): when all the energies are
multiplied by a constant factor A the interaction time 7}y, defined by E/(0E/0t) is

reduced by a factor A:
) 1 0
... -3 ()

Finally, (20) is formally invalid at k = (2g/T)%; that is at the wavenumber for which
second harmonic resonance occurs. At this wavenumber a singularity arises in the
transfer. However, the singularity is integrable and the energy spectrum itself
remains finite (see §6).

The present expression (20) for the energy transfer due to nonlinear interactions
can be shown to be equal to that presented by Krasil'nikov & Pavlov (1973). The
expression of Valenzuela & Laing (1972), when corrected for misprints as noticed by
Holliday (1977), is equal to the aforementioned two except that it is a factor 2 smaller.
This difference was noted by Plant (1979).

(26)

E=E,
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3. Multiwave space

As an introduction to multiwave space I want to show how I went about
ascertaining that I would find all resonant waves when I started this study. Here
and in the following sections the analysis is restricted to parallel waves. The structure
of the division of the resonant triads over wavenumber space depends only on the
dispersion relation. Simmons (1969) has presented graphical methods to find the
triads. I present here asfigure 1 his figure showing the construction of a resonant triad.
Table 1 shows several such triads. From figure 1 the following structure can be
obtained. For a relatively long wave, almost in the gravity region, just one triad
exists. Such a wave interacts with two very short waves of nearly equal wavenumber
in the extreme capillary region. If the first wavenumber becomes larger, the two
resonant wavenumbers decrease and move further apart. When the first wavenumber
approaches ik,, where k, is defined by

ko = (29/T), (27)

the intermediate wavenumber approaches this same value from above and the largest
wavenumber drops to k,, as illustrated by table 1 and figures 1 and 2. In the case
where the shortest wavenumber equals ik, the intermediate and the shortest
wavenumber are equal and can no longer be distinguished. This is the situation called
second-harmonic resonance. If the first wavenumber is allowed to grow even further
it is clear that the triads already found will be re-encountered, the ‘basic’ wave being
now the intermediate wave of a triad. A second triad for the ‘basic’ wave appears
when k becomes larger than k,. The ‘basic’ wave is then the intermediate wave of
one triad and the wave with largest wavenumber of the other triad.

The description above implies the following: all resonant triads between gravity—
capillary waves are encountered once and just once when a triad is calculated for each
wave out of the set 0 <k < M, (28)

A formal proof of this statement is now given.
Resonant triads are defined by (cf. (16) and (17) and the discussion below (21)):

k—k'—k"=0, w,—w,—w,=0, w,(—k)=—0w,k).
Note, again, that different modes do not interact. In the following I choose one mode,

the reasoning is exactly the same for the other. The resonance conditions generate
two sets of solutions:

sum triads: k—k,—k, =0,
w—w,—w, =0 (Vk,wk)>0),
5 ¥m ( (k) > 0) 29)
difference triads: k+k,—k,=0,

wtw,—w,=0 (Vk,wk)>0).

For each set all wavevectors lie in one half of the plane; a direct consequence of the
non-interaction of different modes. One-dimensionally the wavevector can thus be
substituted by its length. In the one-dimensional case the sum and difference triads
are each defined by two equations for three unknowns. Thus for given % they each
generate at most one solution. For every k a solution to the minus triad can be found;
this follows trivially from figure 1. The sum triad only exists for k > k, (Simmons
1969). This already proves part of the statement, i.e. that for k < 3k, exactly one
resonant triad exists. The other part of the statement is that no new triads can be
found once a triad for each k£ < 1k, has been constructed. This comes about as follows.

17 FLyM 182
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FioURE 1. Graphical construction of resonant triads in the one-dimensional case. The dispersion
relation w(k) is plotted with O, as origin. To find the resonant wavenumbers for k, it is again plotted
with O, as origin. Intersection points between the two graphs determine resonant triads; the
wavenumbers are given by the horizontal distances between the intersection point and O, and 0,
respectively. From Simmons (1969).

k (m™) km (m™%) ky (m™)
48.0 1280.9 1328.9
53.8 1149.0 1202.8
60.2 1031.5 1091.7
67.4 926.7 994.1
75.5 833.1 908.7
84.6 749.6 834.2
94.7 674.8 769.5

106.1 607.6 713.8
118.8 547.3 666.2
133.1 492.9 626.0
149.1 443.7 592.8
167.0 399.1 566.1
187.0 358.5 545.6
209.4 321.7 531.1
234.6 288.0 522.6

TaBLE 1. The resonant wavenumbers k,, and k; as a function of k; an example of the type of grid
used for numerical calculations (k, k,, and k, being the grid points)

A sum triad for any k is identical with the difference triads for both k,(k) and k,,(k).
Thus the sum triads give no new solutions. Next, in any difference triad for
k > 1k,, k, < 1k, holds, see Appendix A; thus indeed k > ik, gives no new triads. The
last part of the statement to check is that two triads for different k, both satisfying
k < ky, cannot be identical. This follows from the fact that for any k < 1k,, k, > ik,
(Simmons 1969).

Note that a by result of the above proof is that the sum and difference sets of
solutions are equal. The difference between the conditions is not their total solution,
thus not the triad, but the role k has in the triad. For a sum triad % is the largest
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wavenumber while for a difference triad k is the smallest or intermediate
wavenumber.

All the foregoing information, and more, can be brought together in one graph,
in the multiplet~wavenumber space. The dimension M of the multiplet space is the
dimension of the space of a branch of solutions to the resonance conditions. Thus for
one- or two-dimensional triad interactions it is respectively one or three; for
quadruplet interactions it is respectively two or five. As coordinates (m,, ..., m,) in
this space I have chosen M components of wavevectors. These identify the multiplet
completely. By systematically choosing these M components from the smallest
wavevectors each multiplet has a unique representation. In the present case I have
taken m = k,. Multiwave space is the direct product of multiplet and wavevector
space.

In two-dimensional triad-wavenumber space the solutions to the resonance
conditions can be represented by

x=(k,m), m=mk)=—c log(?), k, <k, <k,

(30)
k8+km-_kl=0’ ws+0)m_wl=0, ke{ks,km,kl},

The function m(k,) has been chosen for convenience. This mapping has been drawn
in figure 2; the scale for m is arbitrary. For k < k,, m(k) is single-valued, for k£ > k,
double-valued. This bifurcation point plays an important role in the following
analysis.

Multiwave space can be used to find the resonant wavenumbers for a given
wavenumber k°. This is done by searching for other wavenumbers for which (30)
defines the same m, in other words, by searching for cross-points between m(k°) and
the horizontal line through m(k°). These wavenumbers will be called &*(k°).

This process can be continued, for the set {k*(k°)} a resonant set {k?(k°)} can be
found, etc. This is done by drawing horizontal and vertical lines from (kf, m(k*)). For
definiteness elements k*~! will not be considered part of {£*}. The union of these sets
will be called K(k°). Within a set K(k°) all waves exchange energy. If there are waves
k¢ K(k°) these develop independently of this set. This makes it important, both to
understanding nonlinear interactions and to performing accurate numerical calcul-
ations, to find how these sets cover wavenumber space.

To find this I restrict myself to a finite, though arbitrarily wide, interval of
wavenumbers:

ke [kmln’ kmax]’

where for convenience k., and k. ;, are resonant and k

IneN: ke{k™(k,).

max 18 chosen such that

As an illustration of this point part of the set K(k,) is drawn in figure 2. The following
division of wavenumber space exists: consider

A = (JikO’ ko],
0y — " i
K{(k°) ‘L_)o {k* (k)3

THEOREM 1. For ky, kye A K(k,) N K(k,) = & unless k, = k.
THEOREM 2. | Jyo 0 K(K®) = [Kmins Kmax]-
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F16URE 2. The resonant wavenumbers k,, and &, as a function of k, see table 1. Different triads
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Thus there exist infinitely many independent sets. Each set is uniquely represented
by a wavenumber k° in the interval 3k, < k° <k,. Proofs of theorems 1 and 2 are given
in Appendix B.

If one divides the interval between ik, and k, into, for instance, three finite regions
this will generate three independent sets, together covering the whole wavenumber
axis. This has been plotted in figure 3. By using the intervals so constructed as bins
(the bands Ak, around the representatives k, in a discretization of the wavenumber
axis) in a numerical model the independence of these sets is maintained. Any other
choice of bins would implicitly lay a link between the sets. Both options will be used
in §§5 and 6; it will be seen that this choice has important consequences.

Multiwave space also makes possible estimates of the magnitude of the transfer
of energy without doing any calculations. The transfer is roughly proportional to the
slope 0m/0k. This proportionality is a direct result of the fact that, instantaneously,
the total energy transfer is zero in a horizontal band Am of arbitrary width. This will
be shown in the next paragraph. From the relation between transfer and slope
combined with figure 2 it can be inferred that at k, the transfer has a singularity.
The energy at k, will rise quickly until the integrand of (20), i.e. the third cumulant,
is zero at this point. The energy level of other members of K(k,) will also be affected.
Thus one expects to see peaks in the spectrum at ke K(k,),k = k, and dips at
ke K(k,), k < k, (for the sign of the transfer I use results of the next sections). When
an equilibrium is reached these dips and peaks will have disappeared again, because
the equilibrium is smooth (cf. (23)).

To prove that the total energy transfer is zero in a band [m,, m,] only the o = +1
mode need be considered. Then the following relation holds:

™OE , (™ 2 pwi 0G(m)
,f,,,l ™=, e o d
b 3 [ stecti]
L3 j i dk. (31)
T 20 Jkimy Ki ot

The asterisk indicates that only those contributions should be considered for which
m(k,) € [m,, m,], k, being the smallest resonant wavenumber. Using (20) gives

.[m’aEd I L e R LY L T T
dendt m=_ ZJ. J. J. w ( , ’, ll) ( — ’_ ”)
m, Of 167° ;25 Jimy Y=o d—w ! : !

X 8% (w;—w' — ") [%G’G”—%G”G,—%G, G’] dk’ dk” dk,.
4

Definition (30) states, among other things, that if k,~k,—k,=0 and
w;—w,—w, = 0 then m(k,) = m(k,) = m(k,). Therefore the integration boundaries
can be substituted as follows:

m 2 rkymy) rkp(my) fky(my)
J. ’%_Edm=—pszj.‘ j” 'J.” 'wtﬂ(kt’k”k”)
m, Of 167° .25 Jieyomy kp(my) Jkq(my)

X 8*(ky— k' — k") 8% (0, — 0’ — ") [% G’G”—%G”G,—S;G, G’] ak’ dk” dk,.
1
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The rest of the argument follows Davidson’s (1972) proof for the conservation of
the total energy. Interchanging integration variables k;, — %" and —%” and relabelling
the k’s gives

mE . 1 p 2 fk.(m» J~k,..<m,> 'rcl(m,)
Jm‘ﬁdm_slenstﬁ (0=, = )

kg(my) YEm(m,) YEki(my)
X Jz(kl: ks’ km) 8*(kl —ks - km) 3*((1)1—0)8-‘0)",)
k k k
x [w_llas O G O 26, GB] dk, dk,, dk,,

where use of the symmetries of J has been made (see next section). Because
w, —w;—w,, equals zero for all solutions to the Dirac delta functions this gives

m,
'f %8 4m =0, (32)

i.e. the total transfer in a band [m,, m,] is zero. Note that this result only holds
instantaneously ; in a finite time interval the transfers from the two triads for k 2 k,
add up and energy conservation, for each band Am separately, is destroyed. In §5,
(32) will be used to construct a numerical grid that guarantees high accuracy.

4. Symmetries within the triads

The transfer of energy from one choice of two waves out of a triad to the third
member is simply related to that of any other choice of two waves out of the same
triad to a third member. This type of symmetry in the transfer equations is related
to weakly nonlinear interactions in general ; any three-wave interaction process would
exhibit it. The following is essential. If k,, k,,, k, form a resonant triad, according to
ky—k,—k,, =0, then

(kb k km) = J(ks’ _km5 kl) = J(km: kl’ _ks)’ (33)
and defining " W b
Ro(k; KE) = =6, 6 = 05 G, = 17 G, G
wﬂ’ w(f

we also have
R (ky; kg k) = —Ro(ky; —ky, b)) = —R,(ky,; Ky, — k). (34)

Thus in one dimension the set of transfer equations (20) can be simplified to the

following :
k= kg ki OF by, ky—lig— ki = 0,

Wy — Wy — Oy, =0,

(35)
0 2 -
3 0olk) =g — El 8J3(k) B, Ky Foyg, Kym) 10go (i) — Cgo (ki)™
J k = 2"1) kis) wtr(kim)l' (36)
It k=1Fkyk;,, thens=1,
If k=1k, then s = —1.
Here k, k;;, and k;, form a resonant triad and c, is the group velocity : ¢, = dw,/0k.

The summation over 1 =1, 2 reflects the existence of sum and difference tmads Note
that J; has been simplified.
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5. Discretization

The kinetic equation (20) is not in general solvable analytically. Whether it can
be solved depends on the solutions to the resonance conditions. Davidson (1972,
pp- 258-260) gives a solution for the one-dimensional case in which each wave only
participates in exactly one triad. Simmons (1969) and McGoldrick (1970) have treated
the case of just one resonant triad. I do not attempt to give an analytical solution
here ; I present efficient methods to determine the value of the nonlinear interactions
for a given spectrum. In the next section the spectrum will be integrated using these
methods.

The methods presented here are efficient because they use natural grids, to be
introduced below, and the symmetries of the integrand shown in §4. These methods
are more accurate than previous ones. Also, they do not require recalculation of the
same factors. At the same accuracy the present methods are estimated to be more
than an order of magnitude quicker than the straightforward ones: a factor 3 for
doing calculations once per triad, using (35), a factor 2 for not treating sum and
difference triads separately, and at least a factor 2 for higher accuracy at the same
bandwidth.

The fact that the net transfer in a band Am is zero can be used in a numerical model
to guarantee energy conservation for the whole spectrum. This is done by choosing
gridpoints on the wavenumber axis as follows. The triad axis is discretized arbitrarily
into a set m; with bins Am,. The gridpoints and bins in wavenumber space I choose
as

ky = ky(my),

Ak“ = k,(m,+§Amj)—k,-(mj—éAmj),J (37)
where ¢ ranges over the three members of a triad. Equation (37) implies that all
gridpoints exactly resonate with two other points. Within such a triad the net transfer
is zero by (32). The transfer being zero per triad helps to guarantee conservation of
total energy in a numerical model. I call grids given by (37) natural, because they
follow directly from the structure of the resonant triads.

In this study two natural grids are used. The first one has the sets K(%k,), K(Lk,)
and K(}ik,) as gridpoints. The boundaries of the bins are given by K(&k,), K(33%,)
and K(k,). This grid is shown in figure 3. On this grid no mixing occurs between
the independent sets found in §3. This grid will be called the non-mixing grid.
With 33 triads the total energy is conserved with an accuracy (AE,./E,.)/
(4G, (k)G (k) = 107°.

The second grid is based on bands Am, of constant width (under the mapping
m(k) = —c, log (k,/c;)). A complexity that arises here is that, because m(k) is
double-valued for k > k,, there are two grids for k > k,. They consist of wavenumbers
that are respectively the intermediate and the largest members of triads, a k,, and
k, grid (note that for the non-mixing grid these two coalesce). What is being done
here is that the two contributions to the transfer in (35) are each calculated on a
separate grid. The two have to be added to determine the total transfer. The addition
is performed on the k,, grid after linearly interpolating the transfers on the k; grid
to the k,, grid. Before the next integration step can be performed the spectrum G,
has to be interpolated back to the k, grid. This is done by taking G (k,,), for k; in
the band around k,,. At k, a peak arises in the transfer (see Valenzuela & Laing 1972
or §6), therefore the interpolation in the neighbourhood of %, has to be performed



514 K. van Gastel

with more care. In the k,, band containing k, analytical considerations on the shape
of the transfer peak lead me to take

_ . kpoi—ky Go(ko—A4) G, (3k,+ 4)
G, (k) = max{@+(kl),mln<G+(km+l) klﬂ_koo, Gj%;co“_ )+ 53@1‘20 n A))}. (38)

Here k,, ., is the grid point on the k,, band next to the band containing k,, G, is the
spectral level determined by linear interpolation and ik,—4 and Llk,+4 are
respectively the nearest members to 3k, on the k, and k,, grid. On this second grid
a loss of accuracy occurs because of the interpolation to and forth. Still, with 35 triads
the accuracy is given by (AE,,/E,,) /(4G (k)/G,(k)) ® 1072, An important difference
with the first grid is that on this one the sets K are no longer independent. As an
illustration of this consider the following. The four lowest horizontal bands in figure 3,
more or less of equal width, can be thought of as generating a wavenumber grid of
the second type. The highest band of the four contains all sets K, thereby mixing
them all. This mixing will be seen in §6 to have far-reaching consequences.

For the integration a first-order forward scheme is used. As a check a leapfrog
scheme has been used; this gave the same results. At the high-wavenumber boundary
a tail with adjustable power and coefficient has been fitted. The wavenumber interval
is chosen by keeping in mind that viscosity has not been incorporated in the present
theory. The expressions only make sense, therefore, when viscous damping acts on
the same or a larger timescale as the nonlinear interactions (assuming the strength
of the coupling of the two effects to be roughly equal to the product of the strength
of the two effects). I have chosen k., & 1300 m™ in accordance with Valenzuela &
Laing (1972) who take

Emay = (3—4) (9/2T) = 1100 — 1500 m™.

The timescales of the two effects at this boundary will be explicitly compared
in §6. As the longest wave resonates with the shortest this immediately gives
kmin ® 50 m™1.

6. Spectral development

The nonlinear interactions have been calculated for various spectra. Figure 4 shows
the transfer for a spectrum measured by Liu & Lin (1982) in a wave tank for a
windspeed of 7 m/s. This result is typical for any smooth spectrum with a peak at
low wavenumbers. Actually, I have approximated the spectrum of Liu & Lin. An
explicit description of the spectrum in SI units reads:

@,.(v) = 16.8n 10-6(%)6, v <4.2) W

@.(v) = 16.8n2 10-6<$)_5'1, 4.2 <v < 15)
(39)

G,(v) = 25.6m? 104({5)~2.5’ (15 < )
w(k)

v=22 Gl = ZC%G+(V"
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F16URE 4. Variance spectrum @, and transfer 0G, /0¢. The spectrum follows closely the
measurements of Liu and Lin (1982) for a windspeed of 7 m/s.

Here (25) gives the relation between G, and the energy E; G_ equals zero, G, (v)
is divided equally over k¥ and —k and the tilde is used to indicate the dependence
on the frequency ».

In principle the sign of the transfer at a given wavenumber can be positive or
negative, depending on the energy level at all members of the triads resonant for this
wavenumber. However, for any spectrum somewhat like £~ the general tendencies
are the same. Energy flows away from the peak of the spectrum towards wavenumbers
larger than k,; numerically k, = 520.11 m~. The main transfer is to the region close
to k,, roughly between 520 and 620 m™. This is in accordance with the prediction
at the end of §3. For the transfer the results are indistinguishable for the two grids.

Nonlinear interactions for this type of spectrum have also been shown by
Valenzuela & Laing (1972). What is new in figure 4 is that measured spectra are now
available. The height of the spectrum is important as this determines the strength
of the nonlinear interactions. For the first time a comparison can be made between
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uy (m/s) k (m™) T, (s) Tx1, (8)

0.21 200 0.8 0.3
300 0.6 0.1
450 0.5 0.06
540 0.7 0.01
600 0.8 0.03
800 fo'o] +1

0.35 200 0.91 0.2
300 0.16 0.06
450 0.14 0.03
540 0.14 0.01
600 0.13 0.03
800 0.14 0.04

0.5 200 — 0.1
300 — 0.03
450 0.04 0.01
540 0.05 0.005
600 0.05 0.01
800 0.05 0.03

TaBLE 2. Comparison of the timescales T, and T}, respectively for growth due to the wind and
for nonlinear interactions, as a function of wavenumber for various windspeeds

the timescale of the growth of the waves due to the wind, the positive source term
in the energy balance (1) for gravity—capillary waves, and that of the nonlinear
interactions. I use the method of van Gastel ef al. (1985) to determine this timescale.
In this method viscosity is taken into account, so actually a net source term, which
isapproximated by the sum of S, and S, is compared to the nonlinear interactions.
van Gastel ef al. use u,, the friztion velocity, to characterize the wind speed, while the
measurements are for given U. I use here the rule of thumb «, = %U to relate U and
uy. Typical timescales T,, of S, +8,;,, and Ty, can be found in table 2. Not all of
the spectrum used in this paper, i.e. 48 m™! < k < 1300 m™1, is covered by these data,
but the middle part, where the interesting dynamics occur, is. For this region Ty,
is smaller than 7, at every wavenumber for all wind speeds; thus the nonlinear
interactions have more effect on the energy level of the waves than the wind. Near
the peak of the nonlinear transfer an order-of-magnitude difference exists between
the two effects, far from the peak the effects are nearly equal.

In choosing the cutoff wavenumber for the calculations it has been assumed that
throughout the interval the timescale of the viscous damping 7, is at least as large
as Ty, Ty, being the timescale of nonlinear interactions defined above (24). 7}, is equal
to (4vk?)7!, v being the kinematic viscosity (Phillips 1977, p. 52). This condition is
fulfilled throughout the whole interval for the present case; thatis U = 7 m/s. In this
case for all wavenumbers 7),/Ty;, > 3. However, for a realistic spectrum at U = 4 m/s
a new cutoff wavenumber has to be chosen at £ = 800 m™?, implying a minimum
wavenumber of 90 m™1,

What has not appeared before in the literature is the integration of an energy
balance including nonlinear interactions. I have done this for the case of gravity—
capillary ‘swell’, thatis I have studied the fetch development for realistic initial states
in case only nonlinear interactions and viscous damping act. Wind, current and
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breaking are absent in this case. In a follow-up study (van Gastel 1987), these effects
are included. Thus the equation that has been integrated is

oG 1

a_; = C_g [Sp—4 vk® G, ], (40)
where 8, is given by (20) or, equivalently, by (35).

Figures 5 and 6 show the fetch development of gravity—capillary swell. The
integration is performed on the mixing grid. Initial spectra were measured by Liu
& Lin (1982), for windspeeds of 7 and 4 m/s respectively. The spectrum at 4 m/s is
approximated in a manner similar to that used at 7 m/s (see (39)). It is seen that
the peak in the transfer at k,, evident in figure 4, does not result in singular behaviour
of the energy density. For the case of a low wind speed a finite peak appears at k,;
for the high-wind-speed case the spectrum is almost smooth. This is because at
low wind speeds the nonlinear interactions are relatively smaller, thus they are more
thwarted in trying to reach an equilibrium (see the top paragraph on p. 511).
Indeed, for U = 7 m/sthe tail of the spectrum (¥ = 300-1100 m™*) has the equilibrium
shape of (23).

It is seen that, also in accordance with the predictions of §3, the whole set K(k,)
is affected by the transfer peak at k,. There are dips for ke K(k,), k¥ < k, and peaks
for ke K(k,), k = k,. The wavenumbers of these peaks all follow from figure 2. The

first four are given by k = 520, 646, 745, 830 m . (41)

Translated into the appearance of the surface, these peaks mean that there are
preferred wavelengths. Some wavelengths will be seen more often to dominate the
appearance of the surface than others. The four most preferred wavelengths are

A =1.2,0.97,0.84,0.76 cm. (42)

Peaks in the spectrum as predicted by this theory have also been encountered
during measurements with a wave follower in the ocean during the TowarD
experiment (Shemdin 1986). Only a rough comparison has been made so far, but the
locations of the peaks seem to coincide. One possible reason that they were
encountered in this experiment but not in others is that spectra are usually measured
as a function of frequency. In the ocean short waves ride on long waves. This means
that one never measures the intrinsic frequency of the short waves, but always the
apparent. Thus all features of the spectrum as a function of wavenumber are smeared
out. In the last few years attempts have been made to convert from apparent to
intrinsic frequency (Stolte 1984; Ataktiirk & Katsaros 1983). However, these were
still pretty rough. Shemdin’s method based on a matrix conversion seems to be more
sophisticated.

From figures 5 and 6 it can be deduced that the viscous decay of the energy level
around the main peak of the spectrum is not much faster when nonlinear interactions
are taken into account. For U = 4 m/s, for instance, about 0.2 times the energy is
left at the peak after 3.6 m of fetch in the present model. This is in agreement with
the viscous decay factor exp(—4vk®r/c;). This behaviour is in contrast with the
prediction of Krasil’nikov & Pavlov (1973); they expect that nonlinear interactions
would enhance the decay significantly. The cause of this difference is that they did
not anticipate the change in the shape of the spectrum, which greatly reduces the
nonlinear interactions for k < 3k,.
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Fiaurke 5. The development with fetch of (a) the variance spectrum G, and (b) the third cumulant
3G under the influence of nonlinear interactions and viscous damping. The initial state is an
approximation of the spectrum measured by Liu & Lin (1982) for a windspeed of 4 m/s. ,
r=0m; - ,03m;———14m;-——— , 3.6 m.

In figure 7 () spectra are shown at 0.5 m of fetch, starting with an initial spectrum
typical of a wind speed of 4 m/s. The calculations are done on the mixing grid, once
with 35 and once with 69 triads. It is seen that the results depend on grid size, both
in height of the dips and peaks and in shape of the spectrum around %k, This
dependence is found on all mixing grids, because the amount of mixing implicitly
present in the model depends on grid size. Thus truly different equations are being
solved when the number of bins is changed.

The only grid that does not show this dependence is the one on which no mixing
takes place. This grid, constructed in §3, consists of sets K(k°), k° € (3k,, k,]. Figure 7 (b)
shows spectra, computed on this non-mixing grid, for the same situation as in
figure 7 (a). Results for grids consisting of 33 and 66 triads are shown. The results
are practically independent of grid size.
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F1aURE 6. As figure 5(a), but the initial state measured at U = 7 m/s.
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FiGURE 7. Spectra of a fetch of 0.5 m, developed from the initial state as in figure 5 under in-
fluence of nonlinear interactions and viscous damping. The calculations are performed:

(@) on the mixing grid, consisting of
consisting of
are independent of grid size.

, 35 triads; ————, 69 triads; (b) on the non-mixing grid,

, 33 triads; ———~, 66 triads. It is only on the non-mixing grid that the results



520 K. van Gastel

Comparisons of the two types of grids at about 35 triads show that the non-mixing
grid has higher peaks and dips, as might be supposed. For about 70 triads this is not
yet apparent at a fetch of 0.5 m, but it becomes so at larger fetches. Though
mathematically the non-mixing grid is undoubtedly the best to solve (1) these high
peaks are disturbing. Further, one may question whether this equation is a good
description of nature. In nature diffusive terms, which cause mixing of the sets, are
always present, for instance the refraction caused by the orbital motion of gravity
waves. Even a very small-amplitude wave causes a lot of mixing: a wave of A =1 m
and ke = +0.003 gives the same spectra as the mixing grid with 35 triads. For this
reason I expect a mixing grid with about 35 triads to give a more realistic description
than a non-mixing grid.

In figure 5 not only is the development of the second cumulant, i.e. the spectrum
G, shown but also of the ratio of third cumulant to second, ,G/G,. Only the
stationary components of the third cumulant are considered. For k > k, there are
two; the largest is shown. The magnitudes of these cumulants have to remain of the
same order, or decrease, for the weakly nonlinear theory to be valid. These conditions
are seen to hold. In §2 it was mentioned that when only nonlinear interactions work
the third cumulant goes to a constant. Figure 5 shows that when a linear term is
added, in this case viscous damping, a kind of balance sets in where the third cumulant
has small, but finite, values. In a follow-up study (van Gastel 1987) it is shown that
other linear terms (wind input and linear dissipation) have the same effect.

7. Conclusions

In this paper the integration of a weakly nonlinear energy balance for gravity—
capillary waves is made feasible. Results, and an interpretation, are given for the
development of a one-dimensional spectrum of gravity—capillary waves under the
influence of nonlinear interactions and a linear term, in this case viscous damping.

Concerns about the violation by nonlinear interactions of near Gaussianity appear
to be unfounded. Davidson (1972) has shown that for both three- and four-wave
interactions the third cumulant goes to a constant. Linear terms do not destroy this
process (see also van Gastel 1987). The results presented in this paper clearly show
that nonlinear terms are required to give an adequate description of the development
of a gravity—capillary wave spectrum. The timescale of the nonlinear interactions is
shorter than that of growth by wind. A barrier to including nonlinear interactions
in an energy balance used to be the time-consuming algorithms (Valenzuela & Laing
1972). This barrier has been lowered: the present method for calculating nonlinear
transfers is estimated to be an order of magnitude quicker than preceding ones.
Previous calculations (Valenzuela & Laing 1972) showed a singularity in the nonlinear
transfer. Here, however, it is shown that this does not result in a singularity of the
energy spectrum. The singular behaviour of the transfer, at one wavenumber, does
generate finite peaks and dips at many related wavenumbers. A simple algorithm is
given to calculate these wavenumbers. The height of the peaks and especially the dips
is very sensitive to the presence of a diffusive term, refraction for instance. Already
for the small refraction such as caused by the oribital velocity of an extremely
low-amplitude gravity wave (ka =~ 3 1073) the dips disappear and the peaks have a
relative height of less than four. The calculations presented in this paper show that
one needs to be concerned about grid size affecting the results. The nonlinear
interactions link together the energy levels of sets of wavenumbers. These sets, of
which there are infinitely many, do not interact among each other. There is one type
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of grid that maintains this independence. It is only on this grid that the results
do not depend on grid size. Any other grid implicitly mixes the sets. As on these grids
the amount of mixing depends on grid size the spectral energy depends on grid size.
When a diffusive term is present this mixes the sets and hardly any dependence on
grid remains.

A new concept that I introduced is multiwave space. This is a concept comparable
with phase space. It enables one to take a new viewpoint to look at nonlinear
interactions. From this viewpoint a natural way is discovered to go from a continuous
to a discrete representation. From this point it is also easy to see how the energy goes
through the spectrum and to estimate the size of the transfer.

This work was supported by the Netherlands Organisation for the Advancement
of Pure Research (ZWO). I would like to thank Gerbrand Komen and Wim Verkleij
for helpful discussions and Henk Tennekes for comments on an early version of this
paper. I also thank Frank Henyey for the clue to the argument on near-Gaussianity.

Appendix A
THEOREM. If © = (gh+ Tk}, (A1)
ky+k, =k (A2)
0+ w, = (A3)
ky, > ik, (A4)
then k, < k,. (A 5)

Proof. I use a dimensionless notation in which w = (k+ ak®): and 3k, = (a)}. I shall
prove that if (A 1), (A 2) and (A 4) are fulfilled while (A 5) is not then (A 3) cannot
be fulfilled. In this case

(0, + w,)2— w3 = k, key(4(1 + ak?) (1 + akZ) — a9k, ky(k, + k,)?). (A 6)
Inserting
ky=3a+4,, k,=3a+4, 4,>0, 4,20
gives
(01 + @,  —wd)? = ky kof — 12 1/ 20(4, + 4,) — a[3(4, + 4,)* + 224, 4,]
—2a+/20[%4,+ 4,3 +74,4,(4,+ 4,)]
—a¥[14D3 A2+ 9(43 4, + 4, 4%)]}. (A7)

As the right-hand side of (A 7) is always negative (A 3) cannot be fulfilled.

Appendix B
o) = ) (ki (ko)}
=1

4= (Jz‘km ko]

THEOREM 1. Let ky, k€ A. Then K(k,) N K(k,) = & unless k, = k.
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THEOREM 2.
U K(k°) = [kmin, Fmax)-
k’ea
For the proofs of both theorems the set K(k,), drawn for k = k, in figure 2, is
considered. The first proof also makes use of the following lemma.
Lemma. If k,, k€ A then k € K(ky) <>k, = k.
Proof of lemma. For any k,e Ak'(k,) N A = & (see Appendix A). By construction
it can be shown that for

1>1 max {m(k(k,))} > max {m(k*~1(k,))}.

Thus ‘m can only grow’ for k°€ A. Because for k > }k, max {m(k)} is a monotonously
increasing function of & this completes the proof.

Proof of theorem 1. Assume 3k:ke K(k,) N K(k,). Then by constructing K(k) one
will find both k, and k,, thus ke K(k,). Then k, = k, by the lemma.

Proof of theorem 2. Take any ke [kpy;y, kpyax] for k resp. smaller or larger than }k,,
find the smallest » for which there exists a k7(k,) = k, resp. k"(k,) < k (possible because
K(k,) is discrete). Because the construction of K consists of horizontal and vertical
lines and because triads with two members smaller than 1k, do not exist (see

Appendix A) ke 4 : ke {k"(k°)}.
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